The accuracy of the analytic bond-order potentials ͑BOP's͒ that were derived in the previous paper within the tight-binding ͑TB͒ formalism is studied for the case of diamond, graphite, and the hydrocarbon molecules. The simplified four-level variant, BOP4S, is found to reproduce the TB bond orders of the C-H and C-C bonds to better than 6% due partly to the inclusion of the shape parameter (b 2 /b 1 ) 2 . The two-level matrixderived expression BOP2M is shown to provide a good description of the saturated and conjugate bonds, thereby overcoming the deficiencies of the Tersoff potential that are associated with overbinding of radicals and poor treatment of conjugacy. The analytic BOP's reproduce the C-H and C-C bond energies to better than 0.9 eV per bond. The errors would be reduced if the analytic potentials were fitted to experiment rather than predicted directly from known TB parameters. ͓S0163-1829͑99͒02813-1͔
I. INTRODUCTION
The hydrocarbons provide an ideal system for testing the analytic bond-order potentials ͑BOP's͒ derived in the previous paper, 1 since the tight-binding ͑TB͒ model upon which they are based has already been shown to provide a good treatment of their energetics. 2 Moreover, the hydrocarbons are a system that Brenner 3 found was very poorly described by the original form of the Tersoff potential 4 due to its inherent overbinding of radicals and incorrect handling of conjugation. These drawbacks led Brenner to introduce a further twenty-three parameters, F i j and H i j , in order to fit the energetics of the individual C-C and C-H bonds within the hydrocarbons. It is hoped that the inclusion of an explicit bond contribution within the analytic BOP's will help to avoid the shortcomings of the Tersoff potential and the ad hoc nature of the extra terms in the Brenner potential.
In this paper, therefore, we examine how reliably the analytic BOP's model the energetics of the and bonds in diamond, graphite, and the hydrocarbons. In Sec. II we present the TB parametrization 2, 5, 6 for the C-C and C-H bond integrals that we use in later sections. In Sec. III we compare the and bond orders predicted by the analytic BOP's with the TB values obtained by matrix diagonalization. We will see that the BOP's provide a quantification of the ubiquitous valence bond concept of single, double, triple, and conjugate bonds between carbon atoms. In Sec. IV we compare the total binding energies predicted by the analytic BOP's with the exact TB values. We will find that the analytic BOPs reproduce the tight-binding C-H and C-C bond energies to an accuracy of better than 0.9 eV per bond. This error is comparable with that between the original TB model and experiment. 2 In Sec. V we conclude.
II. THE TIGHT-BINDING PARAMETRIZATION
We saw in the previous paper 1 that our TB model approximates the binding energy of a carbon-hydrogen system by the sum of three terms, namely UϭU rep ϩU prom ϩU bond , ͑1͒
where the parameters characterizing the first term are given in Tables I and II of Ref. 2. The second term, the promotion energy, depends on the splitting between the s and p energy levels in carbon, which takes the value ␦ϭE p C ϪE s C ϭ6.7 eV. 5 The third term, U bond , can be decomposed in terms of the individual bond energies (U bond ) i j between an atomic species on site i and an atomic species on site j. It may be expressed as the product of the bond integrals and the bond orders as
ϩ⌰ i j, y ͒h ͑R i j ͒␦ C ␦ C .
͑2͒
The TB parametrization for the C-C and C-H bond integrals has been assumed 5, 6 to take the Goodwin, Skinner, and Pettifor ͑GSP͒ form, 7 namely The values of the bond integrals at the distance R 0 are determined by the prefactor h (R 0 ) in Eq. ͑3͒. We saw in Eq. ͑6͒ of Paper I that the three independent C-C bond integrals ss CC , sp CC , and pp CC have been reduced to the two independent variables p ϭpp CC /͉ss͉ CC and h CC in order to compact the usual TB expression for the bond energy to a single term as in Eq. ͑2͒. The variable p controls the angular function g () ͓see Eq. ͑82͒ of Paper I͔ and takes the value p ϭ1.100 for Xu et al's 5 set of carbon TB parameters. We fix the other variable h CC by requiring that it leads to the same bond energy for equilibrium diamond as the original TB fit. 5 We find h CC (R 0 CC )ϭ10.016 eV which is six times larger than the bond integral, h CC (R 0 CC ) ϭ1.550 eV 5 . Further, we saw from Eq. ͑8͒ of Paper I that the two independent C-H bond integrals ss CH and sp CH have been reduced to the single independent variable h CH , once p has been determined by the ratio of the two appropriate C-C bond integrals. This was in order to characterize the angular function g C () by a single function that was independent of whether we had C-C or C-H bonding. We, therefore, fix the value of h CH by requiring that it leads to the same bond energy of methane at its equilibrium geometry as the original TB fit. 2, 6 We find h CH (R 0 CH )ϭ9.453 eV. The errors made by reducing the number of independent C-C and C-H integrals within the conventional two-center TB scheme 8 6 This is reflected in Table I where the binding energy predicted by the reduced TB scheme 1 is compared with those predicted by the conventional TB scheme. 2 The bond lengths and the bond angles have been fixed at the experimental equilibrium values and the dimer C 2 has been chosen with the experimental ground-state configuration g 2 u 2 u 4 . We see that the errors are indeed small. The C-H bond in the methyl radical shows the negligible error of 0.003 eV/bond, whereas that in the methane molecule is exact since it was used as a reference in the fitting of h CH (R 0 CH ). The C-C single bonds show errors of less than 0.01 eV/bond for C 2 H 6 and C 6 H 12 , whereas that in diamond is exact through the fitting of h CC (R 0 CC ). The C-C double bond in C 2 H 4 shows an error of 0.09 eV/bond, whereas the C-C triple bonds in C 2 and C 2 H 2 show errors of 0.7 eV/bond and 0.17 eV/bond, respectively. The parameters for the C-C interactions within the conventional TB scheme 2 have been fitted to guarantee that graphite is slightly more stable than diamond. A small increase in the relative hardness 9 of the repulsive pairwise potential CC (R) would decrease the current graphite- diamond energy difference of 0.13 eV/atom within the reduced TB scheme to closer the experimental difference of 0.03 eV/atom. Table I also gives the experimental values of the binding energies, which have been derived from the heats of formation without any zero-point energy corrections. 4 We see that the conventional TB scheme 2 reproduces these values extremely well apart from the triple-bonded systems C 2 and C 2 H 2 where the errors are 1.7 eV and 1.0 eV, respectively. This discrepancy is probably due to the GSP approximation 7 of taking the and bond integrals to display the same distance dependence. This causes the bond integral in the dimer to be smaller than expected, thereby reducing the magnitude of the TB binding energy. Moreover, it leads to the prediction of the wrong ground state for C 2 , namely
The analytic BOP formalism, therefore, relaxes this GSP constraint and assumes in general that the distance dependencies of the h and h integrals are different ͑although in this paper we retain the GSP fit for comparison purposes͒. Finally, we should note that the radicals CH and CH 2 have not been considered here because the TB model 2 predicts these radicals to take the wrong ground-state configuration due to the neglect of spin polarization. Their correct treatment would require extending the TB model to include spin polarization as, for example, in Secs. 3.4 and 8.6 of Ref. 9 .
III. BOND ORDERS
In this section we compare the bond orders predicted by the analytic BOP's with those calculated by matrix diagonalization of the reduced TB Hamiltonian. In the following tables the acronym BOP4 refers to the four-level approximation for the bond order which is given by Eqs. ͑76͒ and ͑72͒ of Paper I, whereas BOP4Z and BOP4S refer to the two variants given by Eqs. ͑79͒ and ͑80͒, respectively, in which
for BOP4Z together with the simplification b 3 ϭb 1 for BOP4S. The acronym BOP2S refers to the two-level approximation for the bond order, ⌰ (2S) ϭ1/b 1 , where the renormalized recursion coefficient b 1 is evaluated as in Eq. ͑81͒ by neglecting the second-order contributions ͓h
to the angular function g C () and by assuming ␦ϭ⌬ϭ0. The acronym BOP2M refers to the two-level approximation for the bond order, Eq. ͑101͒, which was derived using matrix recursion in order to guarantee that the expression is independent of the choice of coordinate axes. These analytic BOP results will be compared with the reduced TB values for the realistic situation ␦ ⌬ 0 ͑referred to by the acronym TB͒ and for the idealized situation ␦ϭ⌬ϭzero ͑referred to by the acronym TBZ͒. Table II gives the bond orders for the C-H bonds in the hydrocarbon molecules CH 4 , C 2 H 2 , C 2 H 4 , C 2 H 6 , C 6 H 6 , and C 6 H 12 and the hydrocarbon radicals CH 3 and C 2 H 5 . They have been grouped according to whether they have a local coordination about the carbon atom z of 2 ͑with bond angles of 180°), 3 ͑with bond angles around 120°), or 4 ͑with bond angles around 109°). We see from the last column that as expected, BOP4 provides the exact TB bond orders for the tetrahedral ground state of methane CH 4 and the trigonal ground state of the methyl radical CH 3 . Moreover, it is also correct to two decimal places for acetylene C 2 H 2 . We see that the four-level BOP4 approximation has not yet converged to the exact TB results for the other hydrocarbons with errors of 1.6% for ethane C 2 H 6 ,1.0% for benzene C 6 H 6 , and 3.3% for cyclohexane C 6 H 12 . On the other hand, for the idealized situation of ␦ϭ⌬ϭ0, we find from the second last column that BOP4Z reproduces the exact TBZ bond orders to an accuracy of better than 0.7% for all the hydrocarbons considered in the paper. Thus, as expected, the absence of on-site hopping terms in the manyatom diagrams such as Fig. 1 of Paper I leads to a faster convergence of the many-atom BOP expansion than for the case with on-site terms due to ␦ 0 or ⌬ 0.
A. C-H bonds
The simplified variant, BOP4S, for the bond order makes several simplifying assumptions within the idealized situation ␦ϭ⌬ϭ0. First, b 1 is taken from Eq. ͑81͒ of Paper I, in which the second-order bond contributions with neighboring C atoms have been neglected. For the case of systems with only C-H bonds such as CH 3 and CH 4 this will lead to no errors as can be seen by comparing their BOP4S and BOP4Z b 1 values in Table II . However, whenever the C-H bond has C neighbors, then small errors will be introduced, the largest being 1% for C 6 H 6 in Table II . Second, b 2 is taken from Eq. ͑84͒ of Paper I, again neglecting secondorder bond contributions and also contributions from the second shell of neighbors about the bond. We see from the b 2 column in Table II that these approximations may lead to errors of up to 4% in b 2 . Fortunately, however, the BOP4S errors in b 1 and b 2 tend to work against each other so that the total error introduced into the bond order by errors in b 1 and b 2 remains below about 1%. Third, b 3 is taken to be equal to b 1 within BOP4S in order to avoid the time consuming task of counting all the hopping paths of length six. We see from Table II that where the assumption that b 3 ϭb 1 leads to errors of 0.4% and 2%, respectively, in the bond order.
The largest total error, therefore, introduced by the simplifying assumptions of b 1 , b 2 , and b 3 is the 3% error in the bond order for C 6 H 6 which is found by comparing the BOP4S and BOP4Z entries in Table II . But, most importantly, comparing BOP4S with the TB values, we see that this simplified four-level variant reproduces the exact TB bond orders to better than 5%. This provides the justification for using BOP4S to model the C-H bond in large scale molecular dynamics simulations.
The grouping in Table II according to local coordination z demonstrates the fact that the C-H bond order decreases with increasing coordination of the C atom, namely, from about 0.99 for zϭ2 through 0.98 for zϭ3 to 0.96 for zϭ4. This weakening of the bond order is reflected in the resultant lengthening of the C-H bond from 1.060 Å in C 2 H 2 through 1.087 Å in C 2 H 4 to 1.094 Å in C 2 H 6 . We can understand this trend from the behavior of the normalized recursion coefficient b 1 which from Eq. ͑81͒ of Paper I depends on both the number of neighbors about the bond and the angular function g C (). The angular function is plotted in Fig. 1 for p ϭ1.1 where we see that it follows closely the angular function of the two empirical Brenner potentials for the hydrocarbons. 3 It is not surprising, therefore, that b 1 in Table  II increases with increasing coordination and decreasing bond angle, since both the number of neighbors summed and the value of the angular function g C () increase. Hence we find, that the simplified two-level bond order decreases by 7% in going from C 2 H 2 to C 6 H 12 down the BOP2S column in Table II . This decrease is countered by the influence of the shape parameter (b 2 /b 1 ) 2 , so that the decrease is only 3% down the BOP4S column or 4% down the TB column in Table II . Moreover, we find that the inclusion of the shape parameter in BOP4S can enhance the bond order by up to 5%. Table III gives the bond orders for the C-C bonds in the pure carbon systems C 2 , diamond and graphite, and the hydrocarbon molecules considered earlier. The C 2 molecule is given the experimental ground-state configuration g 2 u 2 u 4 . The systems have again been grouped according to the average local coordination about the carbon atoms. We see from the last column that, as expected, BOP4 predicts the exact TB bond order for the four states in the C 2 dimer, and provides the bond order for C 2 H 2 to within 0.1%. We find that the four-level BOP4 approximation has not yet converged to the exact TB results for the other systems, the single-bonded C-C examples C 2 H 6 ,C 6 H 12 and diamond showing errors of up to 7%. Again, however, the convergence for the idealized situation of ␦ϭ⌬ϭ0 is much faster, the BOP4Z values reproducing the TBZ bond orders to better than 1% for all the systems considered. Moreover, the simplified BOP4S values agree with the exact TB bond orders to better than 1.8% for all C-C bonds except that of the dimer. This provides the justification for using BOP4S to model the C-C bond in large-scale molecular dynamics ͑MD͒ simulations of chemical vapor deposition ͑CVD͒ diamond growth, for example, since dimers usually play little role in the process as their binding energy of 3.17 eV/atom is far removed from that of other species ͑see Table I͒. Interestingly we see from the last column in Table III that the bond order of acetylene C 2 H 2 is 5% larger than that of the dimer C 2 even though the former bond has two neighbors whereas the latter has none. This difference in bond order is reflected in the values of the residues w n that enter the BOP4 expression, Eq. ͑78͒, in Paper I. We find for acetylene that w 1 ϭ0.4756, w 2 ϭ0.0172, w 3 ϭϪ0.026, w 4 ϭϪ0.4669 whereas for the dimer w 1 ϭ0.4835, w 2 ϭϪ0.0154, w 3 ϭ0.0165, w 4 ϭϪ0.4846. Thus, the bond order 2(w 1 ϩw 2 ) takes the value 0.986 for acetylene but 0.936 for the dimer. This increased bond order in acetylene compared to the dimer is reflected in the decreased experimental equilibrium bond length of 1.206 Å compared to 1.240 Å. A further consequence of this behavior in the residues for the dimer is that N 2 will be more strongly bound than C 2 because the third eigenstate will now be doubly occupied and contribute the additional attractive energy 4w 3 h NN to the bond. For h NN ϭ20 eV we find an extra 1.2 eV of cohesion. Table IV compares the bond orders predicted by BOP2M with those evaluated by TB. We see that the conventional saturated bonds in C 2 ,C 2 H 2 , and C 2 H 4 are recovered by the two-level matrix recursion. Moreover, we see that the conjugated bonds in benzene and graphite are also reproduced to within 10%. In fact, it follows from Eqs. ͑97͒-͑101͒ of Paper I that the bond order for benzene and graphite can be written
B. C-C bonds
where z c is the number of the nearest-neighbor carbon atoms about a given carbon site. Thus the conjugated contribution to the bond order in benzene and graphite takes the values 1/ͱ2 and 1/ͱ3, respectively, within the BOP2M approximation. We should note that BOP4 would have predicted the exact TB value of 2/3 for the conjugated bond in benzene because this is a four-level system ͑see Fig. 1.7 of Ref. 10͒. However, this would only have been true for the particular choice of one of the coordinate axes being normal to the plane of the benzene ring. BOP2M, on the other hand, is independent of the choice of axes which is, of course, central to any meaningful interatomic potential. The unsaturated bonds in Table IV are not so well reproduced by the twolevel matrix approximation, which leads to most of the errors associated with the analytic BOP treatment of the C-C bonds as we will see in the next section.
Finally, in Table IV we compare the total C-C bond orders predicted by BOP with those evaluated by TB. We see that BOP provides a quantitative treatment of the valence bond concept of single, double, triple, and conjugated bonds. Moreover, as stressed in Sec. V of Paper I, BOP provides the first interatomic potential that correctly describes the breaking of saturated bonds on radical formation such as, for example, in going from C 2 H 4 to C 2 H 5 in the Ϫ column of Table IV . Thus, the analytic BOP's are based on a formalism that overcomes the inherent problems of the Tersoff potential with its overbinding of radicals and poor handling of conjugation.
IV. BINDING ENERGIES
In this section we compare the binding energies predicted by the analytic BOP's with those evaluated within the reduced TB model. Table V presents the results for the pure carbon systems C 2 , graphite and diamond at the experimental equilibrium bond lengths. The dimer has been given the experimental ground-state configuration g 2 u 2 u 4 . We see that BOP4S reproduces the bond energy of graphite and diamond to within 0.4 eV per C-C bond, whereas the error in the dimer is five times larger due to the 6% error in the bond order. BOP2M, on the other hand, reproduces the bond energy to within 0.5 eV per C-C bond for graphite and diamond with no error for the dimer. We find that the bond energy contributes 25%, 9%, and 3% to the total bond energies of the dimer, graphite, and diamond, respectively. The simple expression for the promotion energy, Eq. ͑108͒ of Paper I, reproduces the promotion energy to better than 0.03 eV per carbon atom for graphite and diamond, but with the much larger error of 1.54 eV for the dimer as expected from comparing Eq. ͑108͒ with Eq. ͑44͒ in Paper I. The total errors in the binding energy, therefore, lead to overbinding of up to 0.9 eV per C-C bond in diamond and graphite. The errors in the dimer work against each other to also leave a total error of 0.9 eV per C-C bond.
Table VI compares the hydrocarbon bond energies evaluated by BOP and reduced TB. We see that the errors in the C-H bond energies are less than 0.7 eV per bond. The errors in the C-C and bond energies are comparable, both being less than 0.7 eV per bond, but with the total error better than 0.9 eV per C-C bond. Table VII compares the hydrocarbon binding energies. We see that the errors in the promotion energy are less than 0.18 eV per carbon atom for all the molecules. This good agreement is illustrated in Fig.  2 , where we find that the TB values for the promotion energy fall very close to the predicted curve. It follows from the last column in Table VII that the total error leads to an overbinding in the hydrocarbons by up to 0.9 eV per bond.
The total error made by BOP in treating the C-H and C-C bonds, namely 0.9 eV per bond, is comparable to the errors made by conventional TB as compared to experiment in Table I . We should note, however, that the overbinding of the C-C bond energy within BOP is primarily due to the increased bond order of the unsaturated bond that is predicted by BOP2M. If the analytic BOP's were to be fitted directly to experiment rather than use the values of the original TB parameters, then this overbinding of the bond could be countered by treating ĥ that enters the bond order BOP2M ͓see, for example, Eq. ͑4͔͒ as a fitting parameter which is independent of the bond integrals h and h that enter the binding energy, Eq. ͑2͒. This fitting of ĥ would leave both the saturated and conjugate bond contributions unaltered. The fitting of the analytic BOP's to experiment and their application in large-scale MD simulations of CVD diamond growth is currently ongoing research.
V. CONCLUSIONS
We have studied the accuracy of the analytic bond-order potentials for the hydrocarbons that were derived within the TB model in Paper I. We have found that the inclusion of the shape parameter (b 2 /b 1 ) 2 in BOP4S can lead to an increase in the bond order by up to 5%. This corresponds to an increase in binding energy of about 0.5 eV per bond. We have shown that BOP2M provides a good description of saturated and conjugate bonds in carbon systems. Moreover, it is the first interatomic potential that handles correctly the breaking of saturated bonds on radical formation. This overcomes a major deficiency of the Tersoff potential and avoids the many additional ad hoc parameters in the Brenner potential. The analytic BOP's were found to reproduce the TB values for the C-H and C-C bond energies to better than 0.9 eV per bond. This error is comparable to that made by the original TB model compared to experiment.
Several further challenges remain for future research. First, spin polarization must be included within the BOP framework in order to handle radicals such as CH and CH 2 . Second, the constraint of local charge neutrality will need to be relaxed and ionic interactions treated explicitly for most other covalent systems of interest. Thirdly, the simple analytic expression for the promotion energy might have to be generalized to include changes in bond angles as well as bond lengths about the ground state before transverse vibrational modes are predicted accurately. Finally, the most difficult challenge of all will be to extend the analytic BOP's and the TB model to handle activation barriers reliably, perhaps through the introduction of environmentally dependent repulsive potentials and bond integrals.
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